Introduction

Variational Analysis of Ablation for Variable Properties'
The a#cation of variational and Lagrangian thermodynamics is extended to problems of heat conduction with melting boundaries. The physical properties of the conducting material are considered to be temfierature dependent. In particular, the material Alumina (AhOJ representing a class of ceramic materials for which the effective conductivity ksff = kphonon + kphoton is subjected to above treatment and the temperature distribution and the melting rate are found. The results are com$ared with the constuntconductivity case.
1 HE behavior, after the initiation of melting, of a slab insulated on one side and subject,ed to heat input (constant or varying with time) on the other, has been studied analytically by several workers [l, 2, 3]* in the past. Citron [4] in 1959 haa developed the method ,of successive approximation to study this problem under constant physical properties. He furt,her applies Galerkin's method to study the problem when the properties of the material vary linearly with temperature. The recent work of Biot and Daughaday [5] on ablation for the material of constant properties deals with the application, to such problems, of the variational and Lagrangian thermodynamics developed earlier [6, 71 . A remarkable agreement with the exact solution of
The purpose of the present work is to show that the applicability of the Lagrangian equations is not restricted to the study of ablation for constant properties. The moat complex temperature dependency of the properties of the material, on the other hand, can be taken care of by this method, avoiding heavy computational work hitherto needed in analytical solutions. The method also permits one to account for the heating history prior to mele ing. The temperature distribution and the rate of melting are found. A numerical example for a class of ceramic materials represented by Alumina (A&O& whose conductivity is comprised of the phonon and photon conductivities, is solved and comparison is made with the constant conductivity case.
Formulation of the Problem
Consider one-dimensional heat conduction in a semi-infinite cylinder of unit cross section ( Fig. 1 ) whose thermal conductivity is a function of temperature and t'he heat capacity is constant. The face at y = 0 is heated at a constant rate R per unit area, while the face at y + ~0 behaves as an insulated surface. If heating continues long enough, the face at y = 0 reaches the melting temperature and melting commences. It is assumed that the liquid is removed immediately on formation. Let s(t) denote the position at time t of the face which was initially at y = 0, so that S is the melting rate of the solid. Let p(t) be the penetration depth up to which the heat effect due to R reaches. Time t is measured from the start of melting. The equations describing the process are 
Variational Procedure
In order to apply the variational method to the foregoing problem; the following transformation is useful: where k, is the conductivity at the melting temperature 0,. Thii represents the physical mapping of the system by a model where u is the model temperature. The equations (l)-(4a) reduce to a2U c au
Fig. 1 Ablation of a cylinder in half rpoce
'u(Y, t) = UP", y = s(t) (9) The problem can now be solved as if u were the temperature distribution, and (c/f(0)) the heat capacity per unit volume as a fun&ion of (U/U,), the constant thermal conductivity being k,, The reasons for using u are:
(a) Even if the heat capacity c is temperature-dependent, the parameter c/k(B) is the only experimental function needed. It can be represented by one single curve.
(b) Since the straight line is the exact t.ime-independent solution for the steady-state nonablating case CPu/dy~ = 0, it is natural to assume that a smooth-curve approximation for u is also a good approximation for the transient case.
The equation (6) may be expressed as
Recalling some of the general results in reference [7] , we define h(u, u) = J=o" CF(T)dU = CU, Jo7 F(r)d7 (10) = the total heat acquired by the unit volume. A density function is defined as
The thermal potential is given by
Lagrangian heat-flow equations are obtained in the familiar form I6171 g+g=Qi , *
Solution of the Problem
Assume a cubic profile for the model temperature ZL:
The heat content h can be represented as
The density function becomes
E = CU,~'(T), @P(T) = $d TF(T)dT
The thermal potential is given by 
The heat flow per unit area in the y direction is denoted by H and is obtained as
The condition H = 0 at 1~ = s + q has been used. The rate of heat flow is given by Ii = + %,Q\k(T) + $ cu,q\k (7) l&P =__ q d7 13.r2'V -?")fj + 3r2/%] Hence
The dissipation function becomes The thermal force at the surface is (30)
8 L4 = ; \k(r)j,,
a Jo
The Lagrangian equations to give a relationship between the velocity of movement of the melting face, i.e., d and the penetration distance q, is g+a$=Q
8 Integral is evaluated numerically.
Substituting V, D, and Q from (20), (28), and (32), we get 
Assuming that a steady state is achieved, we have P: = 0 at the steady state. Hence (37) yields 
Solution for Penetration Distance
The solution of equation (42) 
Note that the steady-state solution is represented by Q = 1. The physical solution must tend toward this steady state when [ tends to infinity. The differential equation (42) shows that this is possible krly if A > 0. This implies also Qw < 1. Under these conditions there are two possible types of solutions of equation (42), depending on whether the value of Q lies above or below the horizontal asymptote Q = 1, Fig. 2 . However, if we assume that the rate of heating R ia the same before and after melting, the initial penetration depth qo will be smaller than the steady-state value qst and only the solutions for which Q < 1 will appear. This property is readily verified for the case of constant parameters and it seems justified to extrapolate it for variable conductivity. From equation (43) a positive melting rate also implies the condition Q > QW.
Curve (a), Fig. 2 , stands for Q < l(qo < q < q,t) and the curve (5) for Q > l(q0 > q > qst).. The dotted portion of the curve (a) is not an acceptable part of the solution because thii holds for the negative values;of Q, which has no physical meaning. The extended parts of the curves (a) and (5) for 6 < 0 are useful in the sense that the same curves may be used for different values of QO just by an appropriate shifting of the origin. This can easily be shown analytically.
The Melting Rate
Using equations (39) and (43) We make use of the expression (60) for the present study. For Alumina it is given by Curve I (Fig. 4) shows the plot of conductivity versus temperature up to melting temperature 2050 deg C of A1203. The dotted line from 1800 to 2050 deg C extrapolates an approximate behavior of k in this range. Curve I, Fig. 5 , is the corresponding behavior of &,/k(0) versus u/u,, which is drawn using the values calculated in Table 1 . The parabolic curve II, Fig. 5 , is analogous to curve I, Fig. 5 , and satisfies the conditions for initial, extremum, and final conductivities. It is introduced for the purpose of comparison7 and is expressed by 7 In many cases it is possible to represent the variations of k quite accurately by a parabolic approximation. 8 
where ZL,"~ corresponds to the melting temperature 6, and = S en, k( 0)
The plot of conductivity versus temperature using equation (62) These values are used in calculating the melting rates, equation (47), and the penetration distances, equation (46), for the three different cases. Also, the parameters LsL,/2L3, equation (40) Hence, the smaller the effective conductivity, the smaller is the penetration distance. This is physically true, because if the effective conductivity is the smaller, heat will penetrate only to the smaller distances to warm the material and more heat is absorbed by the surface itself. It is also expected, therefore, that the melting rates at finite times should be greater under this circumstance. The equations (48), (44), (54), and (55) and Table 2 are used to calculate the melting rates for the three cases discussed above, for two different initial values of .!? and for a particular value of 0.2 of the parameter m. These have been plotted in Fig. 7 against the nondimensional time b/t,,,. Since the melting rate is defined as 3 = i/&t, all the curves approach unity as an asymptote. The melting'rates at definite times are arranged aa ._ II _.
